1. Introduction {#s000005}
===============

Local geometric properties of algebraic varieties are usually expressed by corresponding algebraic properties of the local rings. Sometimes these local rings are not "local enough", i.e., the Zariski topology is too coarse to offer sufficiently small neighbourhoods reflecting the desired geometric properties. In the case that one is working for example over the complex numbers, the Euclidean topology and the notion of analytic function give a refined tool to study the local geometry of a variety: the geometry is encoded in properties of the ring of local analytic functions. This cannot be carried out over arbitrary fields, though one may still speak of formal analytic functions. These are simply the elements of the completions of the local rings. But, whereas we could use analytic functions to define (locally) closed sets in the Euclidean topology, it does a priori not make sense to speak of sets defined by formal analytic functions. It becomes especially difficult to decide whether the set of all points on a variety where the ring of formal analytic functions fulfills some property is (Zariski) open or closed. The present notes show in the example of the "normal crossings locus" how one can overcome this difficulty.

Let $X$ be a variety (or more generally an arbitrary scheme) over an algebraically closed field $k$, i.e., an integral separated scheme of finite type over $k$, and $x \in X$ a point. Denote the completion of the local ring of $X$ at $x$ by ${\hat{\mathcal{O}}}_{X,x}$. Let $\mathcal{P}$ be a property of ${\hat{\mathcal{O}}}_{X,x}$. What information can be gained on the set $X_{\mathcal{P}}$ of all $x \in X$ such that ${\hat{\mathcal{O}}}_{X,x}$ has property $\mathcal{P}$? Such properties of the completion are for instance: being an integral domain, reduced, a principal ideal domain or being normal crossings. We will prove the following theorem in Section [4](#s000020){ref-type="sec"}:

Theorem*The normal crossings locus* $X_{\text{nc}}$ *of an algebraic variety* $X$ *is open in* $X$*.*

In fact we will prove the above statement for hypersurfaces, a generalization to arbitrary varieties is straightforward. This result is well known to experts in resolution of singularities, but to the best of the authors' knowledge there is no reference for this in the above general setting. We emphasize that it is quite easy to prove this fact if a Euclidean topology (and thus a notion of analytic maps) is available. The main tools in our argumentation are étale neighbourhoods and Artin's celebrated approximation theorem [@br000005]. A short introduction to both is given in Section [2](#s000010){ref-type="sec"}. For a detailed treatment we refer to the literature, e.g. [@br000025], [@br000040] or [@br000050].

The reasoning in the proof of the theorem is as follows: first prove a "global" version of the assertion, i.e., show that for a union of varieties the set of points where it is *algebraic normal crossings* (also known as *simple normal crossings* in the literature) is open; see [Proposition 3](#e000055){ref-type="statement"}. Next, translate the formal property of being normal crossings into the global property of being algebraic normal crossings. This uses étale neighbourhoods and the Artin Approximation Theorem. In a last step openness of the algebraic normal crossings locus in the étale neighbourhood is transferred to the original variety by openness of étale morphisms.

The authors are indebted to an anonymous referee whose comments (e.g. [Example 8](#e000100){ref-type="statement"}) helped to improve the presentation.

2. Étale and formal neighbourhoods {#s000010}
==================================

A basic but powerful tool in analysis and differential geometry is the inverse function theorem, which asserts that if the tangent map at a point is an isomorphism, so is the original map, at least in a sufficiently small neighbourhood of the point. Exactly the invertibility in a *"small neighbourhood"* causes troubles in algebraic geometry. The Zariski topology is much too coarse to allow an inverse function theorem; see [Example 2](#e000015){ref-type="statement"} below. The notion of *étale neighbourhood* is a profitable tool to exploit morphisms which "would fulfill the assumptions of the inverse mapping theorem if considered over $\mathbb{C}$".

Let $k$ be an algebraically closed field of arbitrary characteristic. Denote by $k\left\lbrack x \right\rbrack$ the polynomial ring in the variables $x = \left( x_{1},\ldots,x_{n} \right)$ over $k$. Its completion w.r.t. the maximal ideal $\left( x \right)$ is the ring of formal power series $k\left\lbrack \left\lbrack x \right\rbrack \right\rbrack$. For an ideal $I \subseteq k\left\lbrack x \right\rbrack$ we will denote by $V\left( I \right)$ the closed subscheme of $\mathbb{A}_{k}^{n}$ defined by $I$. By a *variety over* $k$ we mean an integral separated scheme of finite type over $k$. For a point $p$ of a scheme $X$ with structure sheaf $\mathcal{O}_{X}$ we write $\kappa\left( p \right)$ to denote its residue field, i.e., $\kappa\left( p \right) = \mathcal{O}_{X,p}/\mathfrak{m}_{X,p}$, $\mathfrak{m}_{X,p}$ the maximal ideal of the local ring of $X$ at $p$.

Let $X$ be a Noetherian scheme and $Y$ a closed subscheme of $X$ given by a sheaf of ideals $\mathcal{I}$. The *formal neighbourhood* $\left( \hat{X},\mathcal{O}_{\hat{X}} \right)$ *of* $X$ *in* $Y$ is the ringed space defined by the topological space $Y$ and the sheaf of rings $$\mathcal{O}_{\hat{X}} = \underset{n}{\lim\limits_{\longleftarrow}}\mathcal{O}_{X}/\mathcal{I}^{n}$$ (see [@br000025], II.9). If $X = \operatorname{Spec}A$ is affine and $p \in X$ is a closed point, then the formal neighbourhood of $X$ in $p$ is the one point space $\left\{ p \right\}$ together with the sheaf of rings given by ${\hat{A}}_{p}$, the completion of the local ring $A_{p}$ w.r.t. its maximal ideal.

Example 1Let $X = \operatorname{Spec}k\left\lbrack x,y \right\rbrack/\left( y^{2} - x^{2} - x^{3} \right)$ and $p = 0$. The structure sheaf of the formal neighbourhood of $X$ in 0 is given by $$k\left\lbrack \left\lbrack x,y \right\rbrack \right\rbrack/\left( y^{2} - x^{2} - x^{3} \right)\text{,}$$ which is not an integral domain. Indeed, $y^{2} - x^{2} - x^{3}$ factors in $k\left\lbrack \left\lbrack x,y \right\rbrack \right\rbrack$ as $$y^{2} - x^{2} - x^{3} = \left( y + x\sqrt{1 + x} \right)\left( y - x\sqrt{1 + x} \right)\text{.}$$ Therefore the formal neighbourhood of $X$ in 0 is reducible.

Let $X$ and $Y$ be varieties over $k$. For a point $p \in X$ we denote by $C_{p}\left( X \right)$ the *(projectivized) tangent cone of* $X$ *at* $p$. It is the projective variety (over $\kappa\left( p \right)$) associated to the graded algebra of the local ring $\mathcal{O}_{X,p}$ of $X$ at $p$: $$\text{gr}\left( \mathcal{O}_{X,p} \right) = \bigoplus\limits_{i = 0}^{\infty}\mathfrak{m}_{p}^{i}/\mathfrak{m}_{p}^{i + 1}\text{,}$$ where $\mathfrak{m}_{p}^{0} = \mathcal{O}_{X,p}$.

More explicitly, we may define $C_{0}\left( X \right)$ for an affine variety $X \subseteq \mathbb{A}^{n}$ given by an ideal $I \subseteq k\left\lbrack x_{1},\ldots,x_{n} \right\rbrack$ as follows: denote by $I_{\ast}$ the ideal of initial forms of elements of $I$, where the initial form of an element $f \in k\left\lbrack x \right\rbrack$ is its homogeneous part of lowest degree. Then $C_{0}\left( X \right) \cong k\left\lbrack x \right\rbrack/I_{\ast}$.

Let $X$ and $Y$ be schemes. Recall that a morphism (resp. a morphism locally of finite type) $\left. \varphi:X\rightarrow Y \right.$ is called *flat* (resp. *unramified*) if it is flat (resp. unramified) at all points $p \in X$. The morphism $\varphi$ is flat at $p$ if the morphism of local rings $\left. \mathcal{O}_{Y,\varphi{(p)}}\rightarrow\mathcal{O}_{X,p} \right.$ is flat, i.e., the functor $\left. M\mapsto M \otimes_{\mathcal{O}_{Y,\varphi{(p)}}}\mathcal{O}_{X,p} \right.$ from $\mathcal{O}_{Y,\varphi{(p)}}$-modules to $\mathcal{O}_{X,p}$-modules is exact. Further, $\varphi$ is unramified at $p \in X$ if $\mathcal{O}_{X,p}/\mathfrak{m}_{\varphi{(p)}} \cdot \mathcal{O}_{X,p}$ is a finite separable field extension of $\kappa\left( p \right)$. In the affine case, i.e., $\left. \varphi:A\rightarrow B \right.$ a ring homomorphism of finite type, $\varphi$ is unramified at $p \in \operatorname{Spec}B$ if and only if $q = \varphi^{- 1}\left( p \right)$ generates the maximal ideal in $B_{p}$ and $\kappa\left( p \right)$ is a finite separable field extension of $\kappa\left( q \right)$.

A morphism $\left. \varphi:X\rightarrow Y \right.$ is called *étale* if it is flat and unramified. It is called *étale at* $p$ if the induced morphism of local schemes $\left. \varphi:X_{p}\rightarrow Y_{\varphi{(p)}} \right.$ is étale. Especially, let $\left. \varphi:X\rightarrow Y \right.$ be a morphism of varieties such that the induced map $\left. \varphi_{p}:\kappa\left( \varphi\left( p \right) \right)\rightarrow\kappa\left( p \right) \right.$ is an isomorphism, then $\varphi$ is étale at $p \in X$ if the induced map on the tangent cones $\left. d_{p}\varphi:C_{p}\left( X \right)\rightarrow C_{\varphi{(p)}}\left( Y \right) \right.$ is an isomorphism. If $p \in X$ is a regular closed point then the tangent cone agrees with the tangent space, and an étale morphism is a morphism whose tangent map is an isomorphism. Especially, if $\varphi$ is étale we know that $p \in X_{\text{reg}}$ if and only if $\varphi\left( p \right) \in Y_{\text{reg}}$.

Example 2Let $X = \operatorname{Spec}k\left\lbrack x,y \right\rbrack/\left( x - y^{2} \right)$ and $Y = \operatorname{Spec}k\left\lbrack x \right\rbrack$ with $\left. \varphi:X\rightarrow Y \right.$ induced by the inclusion $\left. k\left\lbrack x \right\rbrack\hookrightarrow k\left\lbrack x,y \right\rbrack \right.$. Clearly, for any $k$-point $p = \left( p_{x},p_{y} \right) \in X \smallsetminus \left\{ 0 \right\}$ the map $d_{p}\varphi$ gives an isomorphism between $C_{p_{x}}\left( Y \right)$ and $C_{p}\left( X \right)$, thus defines an étale map. Note that this is not the case for the point $p = 0$. Note further that in the case of $k = \mathbb{C}$ we may consider $X$ and $Y$ as manifolds over $\mathbb{C}$. Then the implicit function theorem is applicable, and states that $X$ can (Euclidean) locally at $p \in X \smallsetminus \left\{ 0 \right\}$ be parametrized by a neighbourhood of $p_{x} \in Y$.

For the convenience of the reader we summarize some properties of étale (resp. flat and unramified) morphisms in the next proposition. Details, especially proofs, can be found for example in the excellent sources [@br000025], [@br000040] or [@br000050].

Proposition 1*Let* $X,Y$ *be schemes. For a point* $x \in X$ *we denote by* $\kappa\left( x \right)$ *its residue field, i.e.,* $\kappa\left( x \right) = \mathcal{O}_{X,x}/\mathfrak{m}_{x}$*.*(1)*A flat morphism of finite type between Noetherian schemes is open.*(2)*If* $\left. f:X\rightarrow Y \right.$ *is locally of finite type, then* $f$ *is unramified if and only if the sheaf of relative differentials vanishes, i.e.,* $\Omega_{X/Y}^{1} = 0$*.*(3)*Open immersions, compositions of étale morphisms and any base changes of étale morphisms are étale.*(4)*Let* $\left. f:X\rightarrow Y \right.$ *be of finite type,* $Y$ *locally Noetherian,* $x \in X$ *and* $y = f\left( x \right)$ *so that* $\kappa\left( x \right) = \kappa\left( y \right)$ *. Moreover, let* $\left. \theta:{\hat{\mathcal{O}}}_{Y,y}\rightarrow{\hat{\mathcal{O}}}_{X,x} \right.$ *be the canonical morphism. Then* $f$ *is étale (in some neighbourhood of* $x$ *) if and only if* $\theta$ *is an isomorphism.*

The last assertion especially implies that $\dim_{x}X = \dim_{y}Y$. Étale morphisms of varieties over $\mathbb{C}$ are morphisms which are local isomorphisms in the analytic sense; see [Example 2](#e000015){ref-type="statement"}. Locally all étale morphisms are of the form $$\left. F:\operatorname{Spec}R\left\lbrack T_{1},\ldots,T_{n} \right\rbrack/\left( f_{1},\ldots,f_{n} \right)\rightarrow\operatorname{Spec}R \right.$$ with $\det\frac{\partial F}{\partial T}$ a unit in $R\left\lbrack T \right\rbrack/\left( f_{1},\ldots,f_{n} \right)$ for some ring $R$. This is equivalent to $F$ being flat and unramified (see [@br000050], Cor. 3.16, and [@br000055], III Section 5).

An *étale neighbourhood of a point* $x \in X$ is a pair $\left( U,u \right)$ consisting of a scheme $U$ and a point $u \in U$ with an étale morphism $\left. \varphi:U\rightarrow X \right.$ such that $\varphi\left( u \right) = x$.

Example 3Let $X$ be the node in the plane with coordinate ring $$A = k\left\lbrack x,y \right\rbrack/\left( y^{2} - x^{2} - x^{3} \right)\text{.}$$ Clearly $X$ is irreducible and so is $\operatorname{Spec}A_{(x,y)}$. In the formal neighbourhood of the origin the germ of $X$ is reducible (see [Example 1](#e000010){ref-type="statement"}), since $$y^{2} - x^{2} - x^{3} = \left( y + x\sqrt{1 + x} \right)\left( y - x\sqrt{1 + x} \right)\text{.}$$ In the case of $k = \mathbb{C}$ this factorization holds in a Euclidean neighbourhood of the origin, since the factors are algebraic power series, thus convergent (see [@br000060], p. 106). Though we cannot obtain this decomposition in a Zariski open neighbourhood of 0, it will be possible in an étale neighbourhood. Consider $$U = \operatorname{Spec}A_{a}\left\lbrack T \right\rbrack/\left( T^{2} - a \right)$$ where $a = 1 + x$ and the canonical map $\left. \varphi:U\rightarrow X \right.$ induced by $$\left. A_{a}\rightarrow A_{a}\left\lbrack T \right\rbrack/\left( T^{2} - a \right)\text{.} \right.$$ Let us denote the coordinate ring of $U$ by $B$, and set $f = T^{2} - a$. By the remark above $\varphi$ is étale if and only if $\partial f/\partial T = 2T$ is a unit in $B$. But $2a$ is a unit in $B$, hence $2T\left( 2a \right)^{- 1}T = 1$. Thus $\varphi$ is étale. On $U$ the polynomial $y^{2} - x^{2} - x^{3}$ factors into $y - Tx$ and $y + Tx$. Therefore $U$ is an étale neighbourhood which is reducible with two smooth branches intersecting transversally.

The connected étale neighbourhoods of $x \in X$ form a filtered system. The *local ring* $\mathcal{O}_{X,\overline{x}}$ *of* $X$ *at* $x$ *w.r.t. the étale topology* is defined as $$\mathcal{O}_{X,\overline{x}} = \underset{(U,u)}{\lim\limits_{\longrightarrow}}\Gamma\left( U,\mathcal{O}_{U} \right)\text{,}$$ where the limit is taken over the system of connected étale neighbourhoods $\left( U,u \right)$ of $x$. Let $\left( A,\mathfrak{m} \right)$ be a local ring. It is called *Henselian* w.r.t. $\mathfrak{m}$ if it has the following property: if $F \in A\left\lbrack T \right\rbrack$ with $F\left( 0 \right) \in \mathfrak{m}$ and $F^{\prime}\left( 0 \right) \in \left( A/\mathfrak{m} \right)^{\times}$, then there exists an $a \in \mathfrak{m}$ with $F\left( a \right) = 0$. As usual, $F^{\prime}$ denotes the derivative of $F$ w.r.t. $T$. The *Henselization* $A^{h}$ *of* $A$ is defined to be the smallest Henselian ring containing $A$. More precisely this means that the ring $A^{h}$ is Henselian, there is a local homomorphism $\left. i:A\rightarrow A^{h} \right.$, and any other local homomorphism $\left. \theta:A\rightarrow B \right.$, with $B$ Henselian, factors through $i$. Important examples of Henselian rings are complete local rings. Especially $k\left\lbrack \left\lbrack x \right\rbrack \right\rbrack$, the completion of $k\left\lbrack x \right\rbrack$ w.r.t. $\left( x \right)$, is Henselian. But it is not the smallest Henselian ring containing $k\left\lbrack x \right\rbrack_{(x)}$. In fact, $k\left\lbrack x \right\rbrack_{(x)}^{h}$ equals $k\left\langle x \right\rangle$ the ring of *algebraic power series*; see [@br000010]. Recall that a power series $f \in k\left\lbrack \left\lbrack x \right\rbrack \right\rbrack$ is called algebraic if there exists a non-zero polynomial $P\left( x,t \right) \in k\left\lbrack x,t \right\rbrack$ with $P\left( x,f \right) = 0$. The local ring of a scheme $X$ at $x$ w.r.t. the étale topology is the Henselization (w.r.t. $\mathfrak{m}_{x}$) of the local ring w.r.t. the Zariski topology: $$\mathcal{O}_{X,\overline{x}} = \mathcal{O}_{X,x}^{h}\text{.}$$ For further details, including proofs, see [@br000050].

RemarkNote that the étale neighbourhoods are not the open sets of a topology, but take their part in a *Grothendieck topology* (see for example [@br000020], I.2). Although it is not a "true" topology on $X$ it is still enough to allow analogous constructions (like cohomology theories).

Properties of formal and étale neighbourhoods are strongly related via the powerful Artin Approximation Theorem; see Thm. 1.10 in [@br000005]:

Theorem 1Artin Approximation Theorem*Let* $k$ *be a field or an excellent discrete valuation ring, and let* $A^{h}$ *be the Henselization of a* $k$*-algebra* $A$ *of finite type at a prime ideal. Let* $I$ *be a proper ideal of* $A^{h}$ *. Given an arbitrary system of polynomial equations in* $Y = \left( Y_{1},\ldots,Y_{N} \right)$*,*$$f\left( Y \right) = 0\text{,}$$*with coefficients in* $A^{h}$*, a solution* $\overline{y} = \left( {\overline{y}}_{1},\ldots,{\overline{y}}_{N} \right)$ *in the* $I$*-adic completion* ${\hat{A}}^{h}$ *of* $A$*, and an integer* $c$*, there exists a solution* $y = \left( y_{1},\ldots,y_{N} \right) \in A^{h}$ *with*$$y_{i} = {\overline{y}}_{i}\,{mod}\, I^{c}\text{.}$$

3. Global constructions {#s000015}
=======================

Let $X$ be a finite union of algebraic varieties over $k$. All properties which will be studied here are local, hence we may assume that all varieties are affine. In fact, we will consider mainly subvarieties of some $\mathbb{A}_{k}^{n}$, $n \in \mathbb{N}$. We say that $X$ *is algebraic normal crossings* (in short *anc*) *at a point* $p \in X\left( k \right)$ if there are local coordinates $y_{1},\ldots,y_{n}$ at $p$ such that $X$ is locally at $p$ given by $y_{1}\cdots y_{e} = 0$ with $e \leq n$ (in the literature this property is also referred to as *simple* or *strict normal crossings*, e.g. [@br000035]). By *"local coordinates"* we mean a regular system of parameters for the local ring $\mathcal{O}_{\mathbb{A}^{n},p}$. We say that $X$ *is normal crossings* (in short *nc*) *at* $p$ if $p$ is an algebraic normal crossings point for ${\hat{X}}_{p}$, i.e., if the formal germ of $X$ at $p$ is defined by $y_{1}\cdots y_{e} = 0$, $e \leq n$, where $y_{1},\ldots,y_{n}$ is a formal coordinate system at $p$. A *formal coordinate system* is a regular system of parameters for ${\hat{\mathcal{O}}}_{\mathbb{A}^{n},p}$. The locus of points in which $X$ is algebraic normal crossings (resp. normal crossings) is called the *algebraic normal crossings locus of* $X$ (*resp. normal crossings locus of* $X$) and will be denoted by $X_{\text{anc}}$ (resp. $X_{\text{nc}}$).

Example 4The hypersurface $X = \operatorname{Spec}k\left\lbrack x,y,z \right\rbrack/\left( x^{2} - y^{2}z^{2} \right) \subseteq \mathbb{A}^{3}$ is algebraic normal crossings, thus also normal crossings, at all points except the origin. The origin is not a normal crossings point. In contrast, the hypersurface $$Y = \operatorname{Spec}k\left\lbrack x,y,z \right\rbrack/\left( x^{2} - y^{2}z \right)$$ is irreducible, thus has no algebraic normal crossings points with more than one component (those with one component are precisely the smooth points). Its normal crossings locus is $Y_{\text{nc}} = Y \smallsetminus \left\{ 0 \right\}$ (see [Fig. 1](#f000005){ref-type="fig"}), which is open in $Y$.Fig. 1$X = V\left( x^{2} - y^{2}z^{2} \right)$ and $Y = V\left( x^{2} - y^{2}z \right)$.

Let $f \in \mathcal{O}_{\mathbb{A}^{n},p}$ vanish at $p \in \mathbb{A}^{n}\left( k \right)$, i.e., $f \in \mathfrak{m}_{p}$ (where we write $\mathfrak{m}_{p}$ for the maximal ideal of $\mathcal{O}_{\mathbb{A}^{n},p}$). Denote *the differential of* $f$ *at* $p$, i.e., the class $\overline{f} \in \mathfrak{m}_{p}/\mathfrak{m}_{p}^{2}$, by $df\left( p \right)$.

Lemma 2*Let* $X$ *be a union of hypersurfaces* $X_{i} = \operatorname{Spec}k\left\lbrack x \right\rbrack/\left( f_{i} \right)$*,* $1 \leq i \leq s$*,* $s \in \mathbb{N}$ *. Then* $X$ *is anc at* $p \in \mathbb{A}^{n}\left( k \right)$ *if and only if* $p \notin \left( X_{i} \right)_{\text{sing}}$ *for all* $i$ *and the* $\left\{ df_{i}\left( p \right);f_{i}\left( p \right) = 0 \right\}$ *are* $k$*-linearly independent.*

ProofThe "if" part is obvious. For the other direction let $X$ and $p$ fulfill the conditions above. Since the $df_{i}\left( p \right)$ are $k$-linearly independent, the $f_{i}$ vanishing at $p$ are part of a regular system of parameters of $\mathcal{O}_{\mathbb{A}^{n},p}$ (see [@br000045], Thm. 14.2) from which the assertion follows immediately (see also [@br000015]). □

Proposition 3*The algebraic normal crossings locus of a finite union of hypersurfaces is open.*

ProofLet $X = \cup_{1 \leq i \leq s}X_{i}$ where $X_{i}$ is the hypersurface defined by $f_{i} \in k\left\lbrack x \right\rbrack$, and let $p \in X\left( k \right)$. If $p$ lies in the intersection $X_{i} \cap X_{j}$ of two hypersurfaces and is not an anc point of $X_{i} \cup X_{j}$, then $p \in X_{i} \cap X_{j} \cap X_{l}$ is not an anc point of $X_{i} \cup X_{j} \cup X_{l}$ for any $l$. Define the following (Zariski) closed subsets of $X$. For $q \geq 1$: $$K_{q} = \cup_{(i_{1},\ldots,i_{q})}\left( X_{i_{1}} \cap \cdots \cap X_{i_{q}} \cap V\left( M_{q}\left( df_{i_{1}},\ldots,df_{i_{q}} \right) \right) \right)\text{,}$$ where $M_{q}\left( df_{i_{1}},\ldots,df_{i_{q}} \right)$ denotes the ideal generated by all $q$-minors of the matrix $\left( df_{i_{1}},\ldots,df_{i_{q}} \right)$ and the union is taken over all $q$-tuples $\left( i_{1},\ldots,i_{q} \right)$ with distinct entries $i_{j} \in \left\{ 1,\ldots,s \right\}$. Finally, set $K = \cup_{q = 1}^{s}K_{q}$. Clearly $K$ is closed and contains by [Lemma 2](#e000045){ref-type="statement"} all non-anc points. Conversely, no point of $K$ is an anc point. Thus $X_{\text{anc}} = X \smallsetminus K$ is open. □

Example 5[Fig. 2](#f000010){ref-type="fig"} illustrates [Proposition 3](#e000055){ref-type="statement"}. Here $X$ is the union of three plane curves.Fig. 2The points $a$ and $c$ are not anc, but $b$ and $d$ are.

4. Normal crossings and variations {#s000020}
==================================

As indicated in the Introduction we will deal in this section with questions of the following form: let $X$ be a variety, $p \in X$ a point. Moreover, let $\mathcal{P}$ be a property of the formal neighbourhood ${\hat{\mathcal{O}}}_{X,p}$, e.g., normal crossings, reducible, .... Is the set of points $q \in X$ for which ${\hat{\mathcal{O}}}_{X,q}$ has property $\mathcal{P}$ open (resp. closed or locally closed) in the Zariski topology? We will be able to solve this question with the techniques of Section [2](#s000010){ref-type="sec"} for the normal crossings property (and some variation). We test the same procedure on two different examples.

RemarkFor properties $\mathcal{P}$ which we define only for closed points, we will view the corresponding set $X_{\mathcal{P}}$ as a subset of the $\text{max} - \operatorname{Spec}$ of $X$ with the induced topology.

4.1. Normal crossings locus {#s000025}
---------------------------

As a first example we study the property of being normal crossings; see Section [3](#s000015){ref-type="sec"} and [Theorem 2](#e000075){ref-type="statement"} below.

Theorem 2*The normal crossings locus* $X_{\text{nc}}$ *of a hypersurface* $X \subseteq \mathbb{A}^{n}$ *is open in* $X$*.*

Proof(i) We first show that if $X = \operatorname{Spec}k\left\lbrack x \right\rbrack/\left( f \right)$ is normal crossings at $p$, then there exists an étale neighbourhood $\left. \varphi:\left( U,u \right)\rightarrow\mathbb{A}^{n} \right.$ of $p$ such that $u$ is an algebraic normal crossings point of $\varphi^{- 1}\left( X \right)$. Without loss of generality we may assume that $p = 0$. Since $p \in X_{\text{nc}}$ there exist ${\overline{g}}_{1},\ldots,{\overline{g}}_{m} \in k\left\lbrack \left\lbrack x \right\rbrack \right\rbrack$, $m \leq n$, building part of a regular system of parameters of ${\hat{\mathcal{O}}}_{\mathbb{A}^{n},0}$ such that $$f = {\overline{g}}_{1}\cdots{\overline{g}}_{m}\text{.}$$ By [Theorem 1](#e000035){ref-type="statement"} there exists for any $c \in \mathbb{N}$ an étale neighbourhood $\left. \varphi:\left( U,u \right)\rightarrow\mathbb{A}^{n} \right.$ of $p \in \mathbb{A}^{n}$ with $\varphi\left( u \right) = p$, $$\varphi^{\ast}\left( f \right) = g_{1}\cdots g_{m}\text{,}$$ on $U$ and $g_{i} = {\overline{g}}_{i}{mod}\left( x \right)^{c}$. Note that $g_{1},\ldots,g_{m}$ are regular on $U$. By choosing the constant $c$ of [Theorem 1](#e000035){ref-type="statement"} equal to 2 we can ensure that the $g_{i}$ are part of a regular system of parameters of $\mathcal{O}_{U,u}$. Thus $\varphi^{- 1}\left( X \right)$ is algebraic normal crossings at $u$.(ii) If $w \in U$ is an algebraic normal crossings or normal crossings point, then $\varphi\left( w \right)$ is a normal crossings point of $X$. This follows immediately from [Proposition 1](#e000020){ref-type="statement"}, (4).(iii) By (i) every point $p \in X_{\text{nc}}$ has an étale neighbourhood $$\left. \varphi_{x}:\left( U_{x},u_{x} \right)\rightarrow X \right.$$ so that $\varphi_{x}^{- 1}\left( X \right)$ is anc at $u_{x}$. By [Proposition 3](#e000055){ref-type="statement"} we see that $\left( U_{x} \right)_{\text{anc}} \subseteq U_{x}$ is open. Openness of étale maps (see [Proposition 1](#e000020){ref-type="statement"}, (1)) implies that $\varphi_{x}\left( \left( U_{x} \right)_{\text{anc}} \right) \subseteq X$ is open, and so is $$\bigcup\limits_{x \in X}\varphi_{x}\left( \left( U_{x} \right)_{\text{anc}} \right) \subseteq X\text{.}$$ □ Let $X = \operatorname{Spec}k\left\lbrack x \right\rbrack/\left( f \right)$ be a scheme defined by a not necessarily reduced polynomial $f \in k\left\lbrack x \right\rbrack$. Analogous to the normal crossings locus of $X$ we ask for the *monomial locus* $X_{mon}$ *of* $X$. This is the locus of points $p \in X\left( k \right)$ so that there exist formal coordinates $y_{1},\ldots,y_{n}$ with $f = y^{\alpha}$ for some element $\alpha \in \mathbb{N}^{n}$. Denote by $X_{red}$ the reduced scheme associated to $X$. Then $X_{mon} = \left( X_{red} \right)_{\text{nc}}$. Indeed, let $f_{1},\ldots,f_{s}$ be the distinct irreducible factors of $f$ in $\mathcal{O}_{\mathbb{A}^{n},p}$ defining hypersurfaces $X_{i}$. By definition $\mathcal{O}_{X_{red},p}$ is reduced. Since it is essentially of finite type (see [@br000045], p. 232, 260), we conclude that ${\hat{\mathcal{O}}}_{X_{red},p}$ is reduced. The same is true for ${\hat{\mathcal{O}}}_{X_{i},p}$. If $p \in X_{mon}$ then each irreducible component of $f_{i} \in {\hat{\mathcal{O}}}_{\mathbb{A}^{n},p}$ corresponds to one of the $y_{1},\ldots,y_{n}$ after a change of coordinates. Therefore, $$\left. p \in X_{mon}\Leftrightarrow p \in \left( X_{red} \right)_{\text{nc}}\text{.} \right.$$ The last theorem thus implies:

Corollary 4*Let* $X = \operatorname{Spec}k\left\lbrack x \right\rbrack/\left( f \right)$ *be a hypersurface in* $\mathbb{A}^{n}$ *defined by a not necessarily reduced polynomial* $f \in k\left\lbrack x \right\rbrack$ *. Then the monomial locus* $X_{mon}$ *of* $X$ *is open in* $X$*.*

4.2. Mikado schemes {#s000030}
-------------------

Let $X$ be a scheme, $p \in X$ a closed point. Denote by $X_{p}^{1},\ldots,X_{p}^{N}$, $N = N\left( p \right) \in \mathbb{N}$ the components of $X$ passing through $p$. Then $X$ is said to be *mikado at* $p$ if $p \in \left( X_{p}^{i} \right)_{\text{reg}}$ for all $1 \leq i \leq N$ and $p \in \left( Z_{p} \right)_{\text{reg}}$, where $Z_{p} = X_{p}^{1} \cap \cdots \cap X_{p}^{N}$. The locus of all mikado points of $X$ will be denoted by $X_{\text{mik}}$. Mikado points are of interest in resolution of singularities [@br000030].

Example 6Let $X = \operatorname{Spec}k\left\lbrack x,y \right\rbrack/\left( y\left( y - x^{2} \right) \right)$ and $Y = \operatorname{Spec}k\left\lbrack x,y \right\rbrack/\left( xy\left( y - x^{2} \right) \right)$. Clearly, $X$ is not mikado at 0, but $Y$ is; neither of them is normal crossings at the origin.

In order to successfully apply the étale construction to consider the locus of "formally mikado points" in an irreducible scheme it will be necessary that $X_{\text{mik}}$ is open in $X$. The next example gives a counterexample: $X \smallsetminus X_{\text{mik}}$ is locally closed but not closed. In this way we can construct examples of schemes/varieties which have only constructible $X_{\text{mik}}$, which is--in the algebraic category--the worst possible behavior.

Example 7Consider $X = \operatorname{Spec}k\left\lbrack x,y,z \right\rbrack/\left( yz\left( x - z \right)\left( y - x^{2} \right) \right)$, which is a union of four hypersurfaces in $\mathbb{A}^{3}$. It is easy to see that $X \smallsetminus X_{\text{mik}} = V\left( x,y \right) \smallsetminus V\left( x,y,z \right)$, which is locally closed in $X$ but not open; see [Fig. 3](#f000015){ref-type="fig"}.Fig. 3The set $X \smallsetminus X_{\text{mik}}$ is locally closed but not open.

4.3. Formally irreducible {#s000035}
-------------------------

Let $X = \cup_{1 \leq i \leq s}X_{i}$ be a union of algebraic varieties (not necessarily hypersurfaces). We say that $X$ is *irreducible (resp. formally irreducible) at* $p \in X\left( k \right)$ if $\mathcal{O}_{X,p}$ (resp. ${\hat{\mathcal{O}}}_{X,p}$) is an integral domain. Otherwise $X$ is called *reducible (resp. formally reducible) at* $p$ (for a more general notion of irreducibility and its relation with connectedness results see [@br000065]). We denote the locus of irreducible resp. formally irreducible $p \in X$ by $X_{\text{ire}}$ resp. $X_{\text{fire}}$. Analogously we denote by $X_{\text{re}}$ the complement of $X_{\text{ire}}$ in $X$.

It is natural to try to prove an analogous result for $X_{\text{fire}}$ as for $X_{\text{nc}}$ with the same method of proof. Let $X$ be a finite union of algebraic varieties $X_{1},\ldots,X_{s}$. Then $X_{\text{re}} \subseteq X$ is closed. This follows from the simple fact that $$X_{\text{re}} = \cup_{i \neq j}\left( X_{i} \cap X_{j} \right)\text{.}$$ Thus $X_{\text{ire}}$ is open. Note that $X_{\text{ire}}$ will in general contain points where one of the $X_{i}$ is formally reducible. This causes troubles when trying to adapt the proof of [Theorem 2](#e000075){ref-type="statement"}. Indeed, in step (iii) (using the notation introduced there) the sets $\varphi_{x}\left( \left( U_{x} \right)_{\text{ire}} \right)$ are useless for our purpose since they might contain formally reducible points.

Example 8Consider the following variety $X = \operatorname{Spec}k\left\lbrack x,y,z \right\rbrack/\left( z^{2} + x^{3} - xyz \right)$ (with the $y$-axis as its singular locus). It is formally reducible in all points of the $y$-axis except the origin. Indeed, for $c \in k^{\times}$$$z^{2} + x^{3} - \left( y + c \right)xz = \left( z - \left( 12x\left( y + c \right) + xQ \right) \right) \cdot \left( z - \left( 12x\left( y + c \right) - xQ \right) \right)$$ where $Q = \sqrt{\frac{1}{4}\left( y + c \right)^{2} - x}$ exists as a formal power series, and $z^{2} + x^{3} - xyz$ is irreducible as an element of $k\left\lbrack \left\lbrack x,y,z \right\rbrack \right\rbrack$. Therefore, the set $X_{\text{fire}}$ consists of $X_{\text{reg}} \cup \left\{ 0 \right\}$, which is constructible but not open in $X$.
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